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Abstract

Heat exchange by forced fluid flow between two coupled fixed beds containing solids can be used to recover heat

from hot products to cool input in many industrial processes. The heat exchange between the fixed beds is studied.

Analytical solutions for the transient fluid and solid temperature distributions and heat recovery effectiveness are de-

rived. The intra-particle transient temperature distributions are accounted for in the more accurate analysis and the

results are compared to lumped analysis. It is shown that the heat recovery effectiveness reaches maximum at certain

optimum time instant at which the fluid circulation should be stopped. Damping of cyclic oscillations in fluid tem-

perature or concentration is considered and analytical solution for the damper is presented.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

The heat transfer phenomena in the single fixed bed

of solids [1–11] or analogous phenomena [12] has been

studied extensively. Fluid circulation between two fixed

beds can be used to recover heat from hot products

arranged in one fixed bed to heat the cool input in an-

other fixed bed in industrial batch heating processes.

Then heat recovery is applied to successive batch heating

processes. It is possible to use the heat of the previous

batch to preheat the next batch. Possible applications

are in metal, glass, brick, coke, ceramics and food in-

dustries. The principle is illustrated in Fig. 1. For ex-

ample, the elements of the two batches in Fig. 1 could be

food in packed tins or glass in a heating process to de-

stroy microbes by heating. A very illustrative example is

a batch process for boiling of eggs from which the heat is

partially recovered for the preheating of the next batch.

After the fluid circulation between the beds is started,

the fluid (gas or liquid) carries heat from the hot product

container to heat the solids in the cool container. The

fluid from the cool bed cools the hot bed. If the circu-

lation is continued long time, the temperatures of the

containers will smooth and be equal. This situation

corresponds to the heat recovery efficiency 0.5. How-

ever, it is more favourable to stop the circulation at

certain optimum time instant in order to maximise the

heat recovery efficiency. After that the cooled products

are removed, and new cool input can be placed in the

container. The preheated input is finally heated with

auxiliary energy to the final process temperature.

2. Preliminary discussion on single fixed bed

2.1. Governing equations

At first a single bed of solids is considered. Usually it

is assumed that the thermal resistance of the solids can

be neglected or that the conduction is lumped into ef-

fective thermal conductance [1–7], but also intra-particle

conduction effect has been considered [8] by a numerical

model. This will be studied here analytically. The heat

conduction and storage inside the single solid bed ele-

ments is described by the Fourier equation and con-

vective boundary condition

oTp

ot
¼ apr2Tp; hðTf � TsÞ ¼ kp

oTp

ox

� �
s

ð1Þ
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The average heat transfer coefficient around the bed el-

ement surface is applied. The fixed bed is assumed to be

ideally insulated and the flow across the bed distributed

evenly. Then there are no temperature differences nor-

mal to the flow direction. Amundson [9] studied the non-

insulated fixed bed with temperature distribution across

the flow. The effect of axial conduction in the solids has

been considered for a bed consisting of continuous

plates [10] and in fluid for a bed of spherical particles

[11]. The heat conduction in the solid or gas in the flow

direction is considered insignificant compared to the

convective heat flow in the analysis. Constant solid and

fluid properties are assumed. The element characteristic

size that determines the heating rate of the element is

assumed to be small compared to the bed length and can

be considered differential. Then the heat transfer in the

fluid is described by

Nomenclature

a thermal diffusivity of solid, a ¼ kp=ðqpcpÞ
[m2 s�1]

Bi Biot number, Bi ¼ hR=k
C heat capacity, C ¼ cm [JK�1]
_CC heat capacity flow rate, _CC ¼ cf _mmf [WK�1]

c specific heat [J kg�1 K�1]

Fo Fourier number, dimensionless time, Fo ¼
at=R2

h heat transfer coefficient [Wm�2 K�1]

I imaginary part

i imaginary unit, i ¼
ffiffiffiffiffiffiffi
�1

p

L length [m]

m mass [kg]

_mm mass flow rate [kg s�1]

p Laplace transform variable (transform with

respect to space co-ordinate)

R characteristic length of an element, half

thickness of a plate, radius of a cylinder or a

sphere

R real part

S heat transfer area [m2]

s Laplace transform variable (transform with

respect to time)

T temperature [K]

t time [s]

x co-ordinate normal to the surface of the el-

ement [m]

y co-ordinate along gas flow [m]

Greek symbols

a mixing ratio

e thermal effectiveness of heat recovery

/ shape coefficient for internal conduction,

/ ¼ 1=ð2C þ 6Þ

C element shape factor, 0 for a plate, 1 for a

cylinder, 2 for a sphere c
c ratio of heat capacities, c ¼ Cf=Cp

1 dimensionless co-ordinate normal to the el-

ement surface, 1 ¼ x=R
g dimensionless time, g ¼ heSt=Cp

# dimensionless temperature of fluid, # ¼
ðTf � Tp0Þ=ðTf0 � Tp0Þ for a single bed, # ¼
ðTf � Tp;1Þ=ðTp;2 � Tp;1Þ for two beds coupled

in series

h dimensionless temperature of solid, h ¼
ðTp � Tp0Þ=ðTf0 � Tp0Þ for a single bed, h ¼
ðTp � Tp;1Þ=ðTp;1 � Tp;2Þ for two beds coupled

in series

K dimensionless length, dimensionless heat

transfer area, K ¼ hS= _CCf

k thermal conductivity [Wm�1 K�1]

n dimensionless co-ordinate along the fluid

flow, n ¼ ðhS= _CCÞy=L
x dimensionless frequency with respect to time

ðx ¼ 2p=FocÞ or space ðx ¼ p=KÞ co-ordi-

nate

Subscripts

0 initial, inlet

1 bed with cooler initial temperature

2 bed with hotter initial temperature

a average

c cycle

e effective, divided by 1þ 2/Bi
f fluid

p solid

s surface

t total

Fig. 1. Schematic of two coupled fixed beds.
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� _CCf

oTf

oy
� ðCf=LÞ

oTf

ot
¼ hðS=LÞðTf � TsÞ ¼ ðCp=LÞ

dTpa

dt

ð2Þ
The first term on the left-hand side accounts for the heat

carried with the fluid flow and the second is due to

heat storage in the fluid. This equals to the convective

heat exchange between the fluid and the surface of the

solids, which is also equal to the energy storage in the

solids. The heat transported by conduction and mixing

in the flow direction is assumed to be insignificant com-

pared to the forced convection flow. The initial condi-

tions of the bed material and the fluid inside the bed are

Tp ¼ Tf ¼ T0.

Eqs. (1) and (2) can be presented in dimensionless

form for one-dimensional cases

oh
oFo

¼ 1

1C

o

o1
1C oh

o1

� �
;

#� hs ¼
1

Bi
oh
o1

� �
s

¼ � o#

on
� c

Bið1þ CÞ
o#

oFo
¼ 1

Bið1þ CÞ
dha

dFo
ð3Þ

2.2. Exact solutions for step response and cyclic operation

We apply the Laplace transform

�ff ðsÞ ¼
Z 1

0

e�sFof ðFoÞdFo ð4Þ

Eqs. (3) are transformed into

s�hh ¼ 1

1C

d

dx
1

1C

d�hh
d1

 !
; Bið �##� �hhsÞ ¼

d�hhs

d1

 !
s

;

� o �##

on
� cs �##

Bið1þ CÞ ¼
�##� �hhs ¼

s�hha

Bið1þ CÞ ð5Þ

The solution of the transformed solid temperature can

be presented in the form

�hh ¼ �hhs �mmð1; sÞ;
�mmð1; sÞ ¼ 1�ðC�1Þ=2JðC�1Þ=2ði1

ffiffi
s

p
Þ=JðC�1Þ=2ði

ffiffi
s

p
Þ ð6Þ

where J is Bessel function of the first kind. The trans-

formed element surface temperature can be related to

the transformed fluid temperature

�hhs ¼ ½1� �hhðsÞ
 �## ð7Þ

where �hhðsÞ¼ �mm0ð1;sÞ=½Biþ �mm0ð1;sÞ
, �mm0ð1;sÞ¼�i
ffiffi
s

p
JðCþ1Þ=2

ði ffiffisp Þ=JðC�1Þ=2ði
ffiffi
s

p Þ.
The function �hhðsÞ can be determined analytically also

to some regular shaped two- and three-dimensional el-

ements. In this case the surface temperature is not con-

stant and average value is applied for hs. The solution of

the differential equation for the fluid is readily found.

The transformed fluid temperature and average element

temperature are

�## ¼ �##0e
��hh�ðsÞn; �hha ¼ �##0Bið1þ CÞe��hh�ðsÞn�hhðsÞ=s;

�hh�ðsÞ ¼ �hhðsÞ þ cs=½Bið1þ CÞ
 ð8Þ

The responses of the fluid temperature to a step change

from 0 to 1 in the fluid inlet temperature, #ðn ¼ 0;
FoÞ ¼ 1, when #ðn; 0Þ ¼ hðn; 1; Fo ¼ 0Þ ¼ 0, is found

from the frequency response

# ¼ 1� 2

p

Z 1

0

e�R½�hhðixÞ
n sinfI½�hhðixÞ
ng cos½xfFo

� cn=ðBið1þ CÞg
 dx
x

ð9Þ

The corresponding temperature of the solid can also

readily be found. In steady cyclic state, when the inlet

fluid temperature varies as # ¼ sinðxFoÞ, the response is

# ¼ expf�R½�hhðixÞ
ng sinfxFo � I½�hhðixÞ
n
� cxn=½Bið1þ CÞ
g ð10Þ

2.3. Approximate solution for step response

It is difficult to apply the formal solution, Eq. (9). An

approximate solution with a good accuracy after the

initial stage is derived in the following. The well-known

solution of the average element temperature, when the

temperature of the fluid surrounding the element chan-

ges stepwise

ha ¼ # 1

 
�
X1
n¼1

Kne
�l2nFo

!
ð11Þ

This solution is presented in many books on heat

transfer [13,14]. The eigenvalues are obtained as roots ln

of the transcendental equation

lnJðCþ1Þ=2ðlnÞ ¼ BiJðC�1Þ=2ðlnÞ ð12Þ

The coefficients Kn are

Kn ¼ 2ð1þ CÞBi2=fl2
n½l2

n þ Bið1� C þ BiÞ
g ð13Þ

Analytical solutions for the coefficients Kn and the ei-

genvalues for regular two- and three-dimensional ele-

ment shapes (finite cylinders, cubes and so on) can also

readily be derived. By applying the Laplace transform it

can be seen the function �hhðsÞ defined by Eq. (7) can also

be expressed as the series

�hhðsÞ ¼ 1

Bið1þ CÞ
X1
n¼1

Knl
2
n

s
s þ l2

n

¼ 1

Bið1þ CÞ K1l
2
1

s
s þ l2

1

�
þ ð1� K1Þs þ HðsÞ

�
ð14Þ

where HðsÞ ¼
P1

n¼2 Kn
P1

k¼1ð�s=l2
nÞ

k
, since

P1
n¼2 Kn ¼

1� K1.
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It is seen that the correction term HðsÞ in Eq. (14) is

small, since the summation in the series is started not

until n ¼ 2. In addition, small values of transform

variable s correspond to moderate and large values of

time. In the inversion, the correction term HðsÞ is as-

sumed to be zero. Only the first coefficient K1 and ei-

genvalue l1 are required in practical calculations. These

can be determined numerically for irregular element

shapes. Now the step response is considered and �##0 ¼
1=s. We apply the inverse Laplace transforms, Eq. (A.2),

see Appendix A. The fluid and average solid tempera-

tures become

# ¼ Gðn�; Fo�ÞUðFo�Þ;
ha ¼ fK1½1� GðFo�; n�Þ
 þ ð1� K1ÞGðn�; Fo�ÞgUðFo�Þ

ð15Þ

where n� ¼K1l2
1n=½Bið1þCÞ
, Fo� ¼l2

1fFo�ð1�K1þcÞn=
½Bið1þ CÞ
g and U is the Heaviside�s unit step function,

UðxÞ ¼ 1 when xP 0 and UðxÞ ¼ 0 when x < 0.

3. Two coupled fixed beds

Two similar beds ðK1 ¼ K2Þ are coupled together

with a fluid flow between them. It is assumed that no

heat losses take place in the channels connecting the

fixed beds, but the theory can readily be generalised to

account for heat losses or indirect heat exchange via a

heat exchanger. It is assumed that the containers con-

nected in series are similar having equally shaped and

sized elements and equal heat transfer coefficients.

The initial temperatures of the containers are con-

stants. The temperature scale is chosen so that

#ðn1; 0Þ ¼ hðn1; 11; 0Þ ¼ 0; #ðn2; 0Þ ¼ hðn2; 12; 0Þ ¼ 1

ð16Þ

The fluid inlet and outlet temperatures for the two beds

connected in each other are related by the equations

#1ðn1 ¼ 0Þ ¼ #2ðn2 ¼ KÞ; #2ðn2 ¼ 0Þ ¼ #1ðn1 ¼ KÞ
ð17Þ

The effectiveness of the heat exchange of the system can

be defined as the heat transferred from storage to an-

other divided by the maximum possible heat to be

transferred. The thermal effectiveness can be expressed

as

e ¼
_CCf

Cf þ Cm

Z t

0

ð#n1¼0 � #n1¼KÞdt ð18Þ

3.1. Exact solution

The series connection of the containers (Fig. 1) is

analogous to an infinite number of containers connected

in series, if the space co-ordinate is understood to con-

tinue continuously around the coupled container system.

The initial temperature distribution of this analogy is

illustrated in Fig. 2. The initial temperature distribution

as well as the temperature distribution after start is pe-

riodic with respect to the continuous space co-ordinate.

Exact solution can be found by applying the Laplace

transform also with respect to the space variable n cor-

responding transform variable p. The solution for the

twice transformed fluid temperature in the containers

becomes

�## ¼ ½�hhðsÞ þ cs=ðBið1þ CÞÞ
=½p þ �hhðsÞ þ cs=ðBið1þ CÞÞ

ð19Þ

The inverse to the time space can be found by using the

calculus of residues. The periodicity of the temperature

distribution with respect to the place co-ordinate n
makes it possible to perform the inverse to the n-space
straightforwardly. The initial temperature distribution

can be presented as the Fourier series

hðn; 0; xÞ ¼ 1

2
þ 2

p

X1
k¼1

1

2k � 1
sin½ð2k � 1Þpn=K
 ð20Þ

The response to sinusoidal initial temperature distribu-

tion is also sinusoidal. The amplitude and phase lag of

the response is simply found by replacing p with ix,

where i is imaginary unit and x ¼ p=K, in the trans-

formed solution. Then the response of the initial tem-

perature distribution of the system of two fixed beds is

found by summing up the responses to each term of the

Fourier series, Eq. (20). The result for the fluid tem-

perature is

# ¼ 1

2
þ 2

p

X1
k¼1

1

2k � 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½RðFkÞ
2 þ ½IðFkÞ
2

q
sinfxkn

þ arctan½IðFkÞ=RðFkÞ
g ð21Þ

Fig. 2. Presentation of the initial temperature distribution of

two coupled fixed bed as an infinite number of fixed beds in

series.
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The function Fk is

Fk ¼
X1
n¼1

1

ln

ccl
2
n � �hhð�l2

nÞ
cc þ �hh0ð�l2

nÞ
e�l2nFo ð22Þ

where �hh0 ¼ d�hh=ds. The eigenvalues ln ðsn ¼ �l2
nÞ are

roots of the equation

ixk þ �hhð�l2
nÞ � cl2

n=½Bið1þ CÞ
 ¼ 0 ð23Þ

where xk ¼ ð2k � 1Þx. This equation can be separated

into two equations to determine the real and imaginary

parts. The effectiveness of the heat recovery becomes by

Eq. (18)

e ¼ 1

2
� 4Bið1þ CÞ

pKð1þ cÞ
X1
k¼1

1

2k � 1

�
X1
n¼1

I
1

l4
n

Bið1þ CÞ�hhð�l2
nÞ � cl2

n

Bið1þ CÞ�hh0ð�l2
nÞ þ c

e�l2nFo

 !
ð24Þ

3.2. Approximate solution

The transformed fluid inlet and outlet temperatures

can readily be solved

�##n1¼0 ¼ �##n2¼K ¼ 1=½sð1þ e�
�hh�ðsÞKÞ
;

�##n2¼0 ¼ �##n1¼K ¼ e�
�hh�ðsÞK=½sð1þ e�

�hh�ðsÞKÞ
 ð25Þ

The transformed fluid temperature becomes

�##1 ¼
1

s
e�

�hh�ðsÞn1

1þ e��hh�ðsÞK

¼ 1

s
e�

�hh�ðsÞn1 1

 
þ
X1
n¼1

ð � 1Þne��hh�ðsÞnK

!
ð26Þ

The inverse transform is

# ¼
XN

n¼0

GðAðn1 þ nKÞ; l2
1½Fo � Bðn1 þ nKÞ
ÞUðFo

� Bðn1 þ nKÞÞ ð27Þ

where A¼K1l2
1=½Bið1þCÞ
, B¼ ð1�K1þ cÞ=½Bið1þCÞ
.

The transformed effectiveness becomes

e ¼ Bið1þ CÞ
Kð1þ cÞ

1

s2
1� e�

�hh�ðsÞK

1þ e��hh�ðsÞK

¼ Bið1þ CÞ
Kð1þ cÞ

1

s2

"
þ 2

s2
X1
n¼1

ð � 1Þne��hh�ðsÞnK

#
ð28Þ

The effectiveness is found as the inverse transform

e ¼ Bið1þ CÞ
Kð1þ cÞ Fo

 
þ 2

X1
n¼1

ð � 1Þn 1

l2
1

G1ðAnK; l2
1½Fo

� BnK
ÞUðFo � BnKÞ
!

ð29Þ

3.3. Lumped analysis

The heat conduction resistance of the solids can ap-

proximately be combined to the surface heat transfer

resistance and the effective heat transfer coefficient be-

comes he ¼ h=ð1þ 2/BiÞ [15]. Then the equations de-

scribing the heat transfer are reduced to the lumped

equations for the fluid and solids

� o#

one

¼ #� h þ c
o#

og
; #� h ¼ oh

og
ð30Þ

By applying the Laplace transform with respect to di-

mensionless time g, we obtain

� d �##

dne

¼ �##� �hh þ cs �##; �##� �hh ¼ s�hh ð31Þ

The solution of the transformed fluid temperature for

storage 1 is

�## ¼ 1

s
expf�½s=ð1þ sÞ þ cs
neg

1þ expf�½s=ð1þ sÞ þ cs
Keg

¼ 1

s

X1
n¼0

ð�1Þn expf�½s=ð1þ sÞ þ cs
ðne þ nKeÞg ð32Þ

The inverse transform is

# ¼
X1
n¼0

ð�1ÞnGðne þ nK; g � cne � cnKÞUðg � cne � cnKeÞ

ð33Þ

The temperature distribution in the container 2 is ob-

tained from the symmetry relation #2ðne2; gÞ ¼ 1�
#1ðne1; gÞ. The thermal effectiveness becomes in this case

e ¼ 1

Keð1þ cÞ g

 
þ 2

X1
n¼1

ð � 1ÞnG1ðnKe; g

� ncKeÞUðg � ncKeÞ
!

ð34Þ

An alternative solution can be found by applying the

Laplace transform, Eq. (4), to Eqs. (31) in addition to

the time also with respect to space variable ne. The

doubly transformed temperatures of fluid and solids

become

�## ¼ 1þ c þ cs
p þ ðc þ p þ 1Þs þ cs2

h0p;

�hh ¼ 1þ c þ cs
p þ ðc þ p þ 1Þs þ cs2

�
þ 1

�
h0p

1þ s
ð35Þ

The inverse to time space is obtained by using the cal-

culus of residues. The response to sinusoidal initial

temperature distribution is simply found by replacing p
with ix, where i is the imaginary unit and x ¼ p=Ke.
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Again the response of the real initial temperature dis-

tribution is found by presenting the distribution as

Fourier series and by summing up the responses to each

term. The result for fluid temperature is the same form

as Eq. (21), but now the functions Fk are defined by

Fk ¼
X2
n¼1

1þ c þ csn

c þ ixk þ 2csn þ 1
expðsngÞ ð36Þ

where the roots s1 and s2 are

s1;2 ¼ � 1

�
þ c þ ixk �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ c þ ixkÞ2 � 4cixk

q �
ð2cÞ

ð37Þ

The thermal effectiveness becomes

e ¼ 1

2
� 4

pKeð1þ cÞ
X1
k¼1

1

2k � 1

�
X2
n¼1

I
1þ c þ csn

1þ c þ ixk þ 2csn

expðsngÞ
sn

� �
ð38Þ

For gases c � 0. In the special case c ¼ 0, there is one

root only. Then the solutions are simplified into

h ¼ 1

2
þ 2

p

X1
n¼1

1

2n � 1

� exp

�
� x2

n

1þ x2
n

g

�
sin xnne

�
� xn

1þ x2
n

g

�
ð39Þ

#¼ 1

2
þ 2

p

X1
n¼1

1

ð2n� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þx2

n

p
� exp

�
� x2

n

1þx2
n

g

�
sin xnne

�
� xn

1þx2
n

g� arctanxn

�
ð40Þ

e ¼ 1

2
� 4

p2

X1
n¼1

1

ð2n � 1Þ2

� exp

�
� x2

n

1þ x2
n

g

�
cos

xn

1þ x2
n

g

� �
ð41Þ

4. Discussion

The solutions defined by Eqs. (39)–(41) are of similar

form as the solutions of parallel flow regenerator [15],

but the time and space co-ordinates and gas and solid

temperatures both have been exchanged, since the phe-

nomena are analogous and described by similar partial

differential equations with identical boundary condi-

tions. The physical problem is, however, completely

different.

If the elements consist of bottles containing liquid the

lumped analysis is more adequate, but then instead of the

heat conduction the effect of internal convection should

be combined with the surface heat transfer coefficient. If

gas is used as the heat carrier, the thermal resistance is,

however, on the gas side and as an approximation the

internal resistance can be neglected. The increase of the

effective heat conductivity of a spherical droplet due to

internal convection has been studied [16].

Heat and mass transfer are analogous and the

equations of the same form can frequently be used for

both phenomena. Thus, practical applications might be

found in mass transfer operations as well. One applica-

tion could be the damping of concentration oscillations

in fluid flow in analogy to the damping of fluid tem-

perature described in the following. A sinusoidal fluid

temperature flowing into a solid heat storage can be

damped completely when the a part of the fluid flow is

bypassed and mixed with the fluid coming from the heat

storage [17] as shown in Fig. 3. Using Eq. (10), we ob-

tain the dimensionless heat transfer area K and mixing

ratio a for complete damping of cyclic inlet fluid tem-

perature # ¼ sinðxFoÞ

K ¼ p=fI½�hhðixÞ
 þ cx=½Bið1þ CÞ
g ð42Þ

a ¼ expð�R½�hhðixÞ
p=fI�hhðixÞg þ cx=½Bið1þ CÞ
gÞ
ð43Þ

The different solutions are compared in Table 1. It

can be seen that the lumped analysis gives a good ac-

curacy. The values in the cases c and d are naturally the

Fig. 3. Fluid temperature damper.
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same, since the solutions, Eqs. (34) and (38), are iden-

tical, even their appearance is very different.

The temperature distributions of solids after circu-

lation of fluid between two fixed beds has been started

are shown in Fig. 4. It can be seen that heat is trans-

ferred from fixed bed 1 to 2, but that if the circulation is

continued too long some of the heat already transferred

is coming back. This is seen, when the temperature

distributions at dimensionless times g ¼ 10 and g ¼ 14

(thin line) are compared.

A clear maximum can be seen in the curves for

thermal effectiveness of heat recovery in Figs. 5 and 6. It

is also seen that as the system size becomes large (Ke

increases) higher thermal effectiveness for the heat re-

covery is achieved. An approximation for the maximum

can be obtained by differentiating Eq. (29). By taking

into account only the first term in the summation we get

GðAK; l2
1ðFo � BKÞ � 0:5. Gðx; yÞ � 0:5, when x � y and

x is large. Then we get for the optimum dimensionless

time for heat recovery for large values of K

Foopt � Kð1þ cÞ=½Bið1þ CÞ
 ð44Þ

In the same way, the lumped equation, Eq. (34), gives

gopt � ð1þ cÞKe. By using only the first term of the

lumped solution, Eq. (41), for gases ðc � 0Þ, we get

gopt � ðKe=p þ p=KeÞ½p � arctanðp=KeÞ
 ð45Þ

for the optimum dimensionless time for heat recovery.

Appendix A

A number of different forms for the functions Gðx; yÞ
and related functions have been presented in the litera-

ture [1–4,17–22]. In the following a new form in which

this function is expressed as a sum of standard Laguerre

polynomial is presented. This is in some cases advanta-

geous, since the well-known properties of Laguerre

Table 1

Comparison of calculated thermal effectiveness e calculated by different formulas in the case C ¼ 0 (plates), Bi ¼ 1, Fo ¼ 20 and K ¼ 20

then g ¼ 15, Ke ¼ 15

Case a b c d

c ¼ 0 0.716 0.713 0.713 0.713

c ¼ 0:1 0.736 0.733 0.733 0.733

(a) Exact solution Eq. (24), (b) approximate solution Eq. (29), (c) lumped exact solution Eq. (34) and (d) lumped exact solution Eq. (38)

or Eq. (41).

Fig. 4. Temperature distributions of solids in two fixed beds

coupled by fluid flow as function of dimensionless space co-

ordinate at different dimensionless times g ðKe1 ¼ Ke1 ¼ 10;

c ¼ 0Þ.

Fig. 5. Thermal effectiveness for heat exchange between two

fixed beds coupled by fluid flow ðc ¼ 0Þ with different dimen-

sionless heat transfer area Ke.

Fig. 6. Thermal effectiveness for heat exchange between two

fixed beds ðKe ¼ 10Þ coupled by fluid flow for heat carriers with

different values of c.

J.J. Saastamoinen / International Journal of Heat and Mass Transfer 46 (2003) 2727–2735 2733



polynomials [23] give possibility to derive different kinds

of useful recurrence and other relations for Gðx; yÞ and
related functions. Also this solution can be expressed by

a single summation instead of the usual double sum-

mation, which is computationally advantageous. The

required inversion formulas for Laplace transforms are

briefly derived. The generating function for Laguerre

polynomials LðaÞ
n ðxÞ is [23]

ð1� zÞ�a�1
exp

xz
z � 1

� �
¼
X1
n¼0

LðaÞ
n ðxÞzn ðA:1Þ

By replacing z with �1=s and by using the inverse

transforms term by term to powers of 1=s, we obtain the

inverse transforms (denoted by L�1)

L�1fexp½�xs=ð1þ sÞ
=s1þng ¼ Gnðx; yÞ;
L�1fexp½�xs=ð1þ sÞ
=½sð1þ sÞ
g ¼ 1� Gðy; xÞ ðA:2Þ

where Gðx; yÞ ¼ G0ðx; yÞ,

G0ðx; yÞ ¼ e�x
X1
n¼1

gnðxÞyn

n!
;

Gkþ1ðx; yÞ ¼
Z y

0

Gkðx; yÞdy ¼ e�x
X1
n¼1

gnðxÞynþk

ðn þ kÞ! ðA:3Þ

g0ðxÞ ¼ 1, g1ðxÞ ¼ x. The functions gnðxÞ are related to

Laquerre polynomials gnðxÞ ¼ ð�1Þnþ1xL1
nðxÞ=n, when

n > 0. The values of the polynomials for n > 1 are

rapidly calculated from the recurrence relation

gnþ1ðxÞ ¼ ½ðx � 2nÞgnðxÞ þ ð1� nÞgn�1ðxÞ
=ð1þ nÞ
ðA:4Þ

which can be derived from the properties of the La-

guerre polynomials. Also useful properties for functions

Gnðx; yÞ can be derived from the properties of Laguerre

polynomials. The properties of the functions of the type

of Gnðx; yÞ have been discussed [21,22]. The number of

terms required to reach an acceptable truncation error

jznj can be estimated. By applying the Stirling�s formula

and the asymptotic expression [24]

La
nðxÞ ¼

1ffiffiffi
p

p ex=2na=2�1=4x�a=2�1=4 cos 2
ffiffiffiffiffiffiffiffi
pnx

p�
� ap

2
� p

4

�
ðA:5Þ

for large n we get the asymptotic expression

zn ¼ e�xgnðxÞ
yn

n!

/ ð�1Þnþ1ðn� 1Þ1=4x1=4
21=2pn3=2ex=2

ey
n

� �n
cosð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þx

p
� 3p=4Þ

ðA:6Þ

By noticing that j cosð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn � 1Þx

p
� 3p=4Þj < 1 and

jx1=4e�x=2j < ð2eÞ�1=4
it can be concluded that the relation

y < ðn=eÞ exp½lnð23=4e1=2pn5=4jznjÞ=n
 ðA:7Þ

holds between the maximum value of the variable y and

the number n of summation terms used in order to reach

required truncation error jznj. The required number or

terms is shown in Fig. 7. Useful approximations for

Gðx; yÞ with large values of x and y have been presented

[5]. To evaluate the function G1ðx; yÞ the following ap-

proximation

G1ðx; yÞ �
1

2
erfc

ffiffiffi
x

p�
� ffiffiffi

y
p � 1

8
ffiffiffi
x

p � 1

8
ffiffiffi
y

p
�

þ e�x�y ½xI0ð2
ffiffiffiffiffi
xy

p Þ þ ffiffiffiffiffi
xy

p
I1ð2

ffiffiffiffiffi
xy

p Þ
 ðA:8Þ

when x > 4 and y > 4 is useful. Polynomial approxi-

mations for the complementary error function erfc and

modified Bessel functions I of the first kind have been

published [23].
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